

















ABSTRACT. $\{e^{i\lambda_{n}t}\}_{n\in Z}$ basis A $=\{\lambda_{n}\}_{n\in Z}$
( , ) separable , $\inf_{n\neq m}|\lambda_{n}-\lambda_{m}|>0$
. basis “uniformly minimal”
, . , separable
$\Lambda=\{\lambda_{n}\}_{n\in Z}$ minimal .
1. INTRODUCTION
, . $H$
$\{x_{r\dot{\iota}}\},$ $x_{n}\neq 0$ , $H$ dense
complete in $H$ . $\overline{span}\{x_{n}\}=H$ . , $\{x_{n}\}$
, $\{x_{n}\}$
minimal . $k$ , $M_{k}=\overline{span}\{x_{n}\}_{n}$ ,
$d_{k}=$ dist $(x_{k}, M_{k})= \inf_{x\in M_{k}}\Vert x_{k}-x||>0$
. , minimal uniformly
minimal . $\delta$ , $k$
$d_{k}\geq\delta\Vert x_{k}\Vert$
.
$\{x_{n}\}$ complete , $A,$ $B>0$ ,
$\{c_{n}\}$
$A \sum|c_{n}|^{2}\leq\Vert\sum c_{n}x_{n}\Vert^{2}\leq B\sum|c_{n}|^{2}$
, $\{x_{n}\}$ ( Riesz basis for $H$ . $A,$ $B$
, Riesz bounds . , $H$
$\overline{span}\{x_{n}\}$ $\{x$ Riesz sequence 1. $\{x_{n}\}$ basis
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uniformly minimal (see [9, Theorem 3.1]).
minimal, uniformly minimal , .
Proposition A (see Singer [9, Theorem 6.1]).
$\{x_{n}\}$ minimal $\{f_{n}\}\subset H$
, $(x_{n}, f_{m})=\delta_{nm}$ .
$\Lambda=\{\lambda_{n}\}_{n\in Z}$ ,
$\inf_{nm}|\lambda_{n}-\lambda_{m}|>0$
, separable . , $\Lambda\in SP$ .
, $H=L^{2}[-\pi, \pi]$ , $\sup_{n}|{\rm Im}\lambda_{n}|<$
$\infty,$ $\lambda_{n}\neq\lambda_{m},$ $n\neq m$ $\Lambda=\{\lambda_{n}\}_{n\in Z}$ , $\{x_{n}\}=\{e^{i\lambda_{n}t}\}_{n\in Z}$
. A $\{e^{i\lambda_{n}t}\}_{n\in Z}$ .
( , $f\in L^{2}[-\pi, \pi]$ ,
$\Vert f\Vert^{2}=\frac{1}{2\pi}\int_{-\pi}^{\pi}|f(t)|^{2}dt$
. , uniformly minimal .
Proposition $B$ (see Sedletskii [8, p.3569]).
$\{e^{i\backslash t}n\}_{n\in Z}$ complete in $L^{2}[-\pi, \pi]$ , .
(i) $\{e^{i\lambda_{n}t}\}_{n\in z}$ uniformly minimal $\vee C$ .
(ii) $\inf_{k}d_{k}=\inf_{k}$ dist $(e^{i\lambda_{k}}{}^{t}M_{k})>0,$ $M_{k}=\overline{span}\{e^{i\lambda_{n}t}\}_{n\neq k}$ .
(iii) $\{e^{i\lambda_{n}t}\}_{n\in Z}$ $\{f_{n}\}\subset H$ , $(e^{i\lambda_{n}}{}^{t}f_{rn})=\delta_{nm}$
$\sup_{n}\Vert f_{n}||<\infty$ .
, (i) (ii) , $\sup_{n}|{\rm Im}\lambda_{n}|<\infty$
.
, “excess” . Paley-Wiener
. $\{e^{i\lambda_{n}t}\}_{n\in Z}$ , $N$ , complete
minimal , excess $N$ ,
$E(\Lambda)=N$





. $\{e^{i\lambda_{n}t}\}_{n\in Z}$ minimal complete excess
:
$\bullet$ $\{e^{i\lambda_{n}t}\}_{n\in Z}$ minimal $E(\Lambda)\leq 0$ .
$\bullet$ $\{e^{i\lambda_{n}t}\}_{n\in Z}$ complete minimal $E(\Lambda)=0$ .
, complete , $E(\Lambda)=$
$\infty$ , complete ,
$E(\Lambda)=-\infty$ .
2. SEDLETSKII
$\{e^{i\lambda_{n}t}\}_{n\in Z}$ , .
, “basis” , Riesz basis
.
RB $=$ Riesz basis, $B=$ basis.
CM $=$ complete $70$ } minimal.
CUM $=$ complete $B_{1\text{ }}$ uniformly minimal.
CSP $=$ complete $7$) $1$ $\Lambda=\{\lambda_{r\iota}\}_{\tau\iota\in Z}\in$ SP.
, :
RB $arrow Barrow$ CUM $arrow$ CM.
UM $arrow$ SP.
, $Barrow$ RB’
. , , $Marrow$ SP ,
, , UM . ,
. , Sedletskii [7, \S 1] ,
$($ uniformly
minimal” , “minimal” , .
, Sedletskii [8, P.3569] , uniformly minimal .
, .
Proposition 2.1. $\{e^{i\lambda_{n}t}\}_{n\in Z}$ UM $\Lambda=\{\lambda_{n}\}_{n\in Z}\in SP$ .
, $\{e^{i\lambda_{n}t}\}_{n\in Z}$ minimal, uniformly
minimal . , .
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Theorem A (Schwarz, 1943; see Alexander and Redheffer [1, p.61,
Remark 4] $)$ .
$\{e^{i\lambda_{n}t}\}_{n\in Z}$ complete minimal .
.
.
Example 2.1. $\{e^{it}+e^{i2t}, e^{it}, e^{i2t}, e^{i3t}, \ldots , e^{int}, . . . \}$ ( , $L^{2}[-\pi, \pi]$ ,
complete , minimal $Aa$ .
Levinson $[$3, Theorem V$]$ .
Theorem $B$ ([3, Theorem V]; see [11, p.101]).
$\epsilon$ ,
$\lambda_{n}=\{\begin{array}{ll}n+\frac{1}{4}+\epsilon, n>0,0, n=0,n-\frac{1}{4}-\epsilon, n<0,\end{array}$ (2.1)
, $\{e^{i\lambda_{n}t}\}_{n\in Z}$ $L^{2}[-\pi, \pi]$ complete .
, Theorem A , TheoremB $\{e^{i\lambda_{n}t}\}_{n\in Z}$ $L^{2}[-\pi, \pi]$
minimal . , Sedletskii uniformly minimal
(see [8, p.3569]).
Theorem $B$ , $\epsilon=0$ , Riesz basis basis
, , Young [10] basis . ,
complete minimal , Redheffer and Young
[6] . [6] ,
. , Proposition $B$ , $\epsilon=0$ uniformly minimal
.
Theorem $C$ ([6, Theorem 5]).
$\lambda_{n}=\{\begin{array}{ll}n+\frac{1}{4}, n>0,0, n=0,n-\frac{1}{4}, n<0,\end{array}$ (2.2)
, $L^{2}[-\pi, \pi]$ , $\{e^{i\lambda_{n}t}\}_{n\in Z}$ $\{f_{n}\}$ , $\sup_{n}$ I $f_{n}\Vert<\infty$
.
17
, uniformly minimal , $\Lambda\in$SP . , Kadec’s 1/4-
theorem , $0<\alpha<1$ ,
$\lambda_{n}=\{\begin{array}{ll}n+\alpha, n>0,0, n=0,n-\alpha, n<0,\end{array}$ (2.3)
, $\{e^{i\lambda_{n}t}\}_{n\in Z}$ uniformly minimal .
, (2.3) , $\{e^{i\lambda_{n}t}\}_{n\in Z}$ $L^{2}[-\pi, \pi]$ basis
, Riesz basis [4] . ,
A excess $E(\Lambda)$ , [2] .
, $\alpha$ , $L^{2}[-\pi, \pi]$ isometric isomorphism
$\phi(t)\mapsto e^{i\alpha t}\phi(t)$
. isomorphism (2.2) $\Lambda=\{\lambda_{n}\}_{n\in Z}$
$\{e^{i\lambda_{n}t}\}_{n\in Z}$ ,
$\lambda_{n}^{(1)}=\{\begin{array}{ll}n-\frac{1}{4}, n>0,n+\frac{1}{4}, n<0.\end{array}$ (2.4)
uniformly minimal . ,
isomorphism
$\lambda_{n}^{(2)}=\{\begin{array}{ll}n-\frac{1}{2}, n>0,n, n<0.\end{array}$ (2.5)
uniformly minimal .
, Sedletskii [7] .
Theorem $D$ ([7, Theorem 3]).
Let $V$ be the sequence of all integers in the intervals
$I_{s}=[2^{s}, 2^{s}+[\log s]]$ , $s\geq 3$ .
Let
$\Lambda=$ $(n:n<0, n \in V)\cup(n-\frac{1}{2}$ : $n\in N\backslash V)$ .
Then $\{e^{i\lambda_{n}t}\}_{n\in A}$ is complete and minimal, but not uniformly minimal in $L^{2}[-\pi, \pi]$ .
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Theorem $D$ A :
$\lambda_{n}=\{\begin{array}{ll}n-\frac{1}{2}, n\in N\backslash V,n, n<0 \text{ }(\text{ } n\in V.\end{array}$ (2.6)
, (2.6) , (2.5) 1
. , $\Lambda\in$SP .
, Sedletskii TheoremD , $1<p<\infty$
, $p=2$ .
SP . , uniformly minimal
minimal .
3. SP COMPLETE MINIMAL
Sedletskii , SP , complete, minimal uniformly
minimal , SP
. , .
Theorem $E$ ([Schwarz, 1959; see [11, p.117, Theorem 15] $)$ .
If $\Lambda=\{\lambda_{n}\}$ is a sequence of real numbers such that $\sum 1/|\lambda_{n}|<\infty_{f}$ then $\{e^{i\lambda_{n}t}\}$
fails to be complete in $L^{2}[-A, A]$ for any positive number $A$ .
Theorem $F$ ([5, Theorem 47]).
For $-\infty<n<\infty$ , let $\Lambda\equiv\{\lambda_{n}\}$ be a sequence of complex numbers satisfying
$|\lambda_{n}-n|\leq h$ where $h$ is a positive constant. Then $E(\Lambda)$ satisfies
$-(4h+ \frac{1}{2})<E(\Lambda)\leq 4h+\frac{1}{2}$ .
, $n(t)$ $|z|\leq t$ $\lambda_{n}$ ,
$N(r)= \int_{1}^{r}\frac{r\iota(t)}{t}dt$
. , $\{e^{i\lambda_{n}t}\}$ complete Levinson
.
Theorem $G$ ([3, Theorem $m]$ ; see [11, p.99, Theorem 3]).
The set $\{e^{i\lambda_{n}t}\}$ is complete in $L^{2}[-\pi,$ $\pi]$ whenever
$\lim_{rarrow}\sup_{\infty}(N(r)-2r+\frac{1}{2}\log r)>-\infty$ .
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Lemma 3.1. , A $=\{\lambda_{n}\}$ :
$\Lambda=\{2,2+\frac{1}{2},2^{2},2^{2}+\frac{1}{2^{2}},$
$\ldots,$
$2^{n},$ $2^{n}$ $\frac{1}{2^{n}},$ $\ldots\}$ .
, $\{e^{i\lambda_{n}}{}^{t}I$ [ minimal , $\Lambda\not\in$ SP .
TheoremE , $\{e^{i\lambda_{\mathfrak{n}}}{}^{t}1$ incomplete , Theorem
A , minimal . A $\not\in SP$ .
, Theorem $F$ Theorem $G$ , .
Theorem 3.1. Lemma 3.1 $\{e^{i\lambda_{n}t}\}$ ? , $L^{2}[-\pi, \pi]$ complete
minimal $\{e^{i\mu_{\mathfrak{n}}t}\}$ . , $\mu\not\in SP$ , $\{e^{i\mu_{n}t}\}\}$
uniformly minimal .
. $\mu=\{\mu_{n}\},$ $\Lambda\subset\mu$
$|\mu_{n}-n|\leq 1,$ $\forall n$
. $n_{1}(t)$ $|z|\leq t$ , $n_{2}(t)$ $|z|\leq t$
$\mu_{n}$ ,
$N_{J}(r)= \int_{1}^{r}\frac{n_{1}(t)}{t}dt$ , $N_{2}(r)= \int_{1}^{r}\frac{n_{2}(t)}{t}dt$
. , $N_{1}(r)\leq N_{2}(r)$ , Theorem $G$ , $\{e^{i\mu_{n}t}\}$ complete
, $0\leq E(\mu)$ . , $\mu_{n}$ , Theorem $F$ ,
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